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ISOMETRIES IN TEACHING DESCRIPTIVE GEOMETRY AND
ENGINEERING GRAPHICS

Zinaida ULASEVICH, Viachasau ULASEVICH

Brest State University of Technology,
Descriptive Geometry and Engineering Graphics Diepant,
267 Moskovskaya St. 224017 Brest, BELARUS

Abstract. Important basic transformations, implemented in CAftems, are congruence
transformations, so-called isometries, which presdhe distance of points. Logic of CAD
software bases on the reflection, translation tiartaand similarity. This fact is the important
desideratum in the teaching of Descriptive Geomelilye paper includes a proposal for
a teaching from the scope of isometries on theeptand in three-dimensional space.

Keywords. reflection, symmetry about a plane, central symynetranslation,
rotation, isometry, descriptive geometry, tessieifgtPlatonic solid

1 Introduction

Important basic transformations, implemented in CA§ystems, are congruence
transformations, so-calledometries which preserve the distance of points. Logic &DC
software bases on theflection translation androtation. Slightly more general aamilarity
transformations (also implemented in CAD), whichra@the distance of points in the same
ratio. These transformations allow to construct ena@omplex objects on the base of
constructed previous (earlier) simgiementarybjects(so-calledorimitives.

2 I sometries

As we said before, isometries are the transformstionf plane E%) or generallyn—
dimensional spacesEf) which preserve the distance of points. The bdpigmitive)
transformation is the symmet8y, across then-1) — dimensional hyperplaméin E".

21  Isometriesin E2

Isometries on the planE? have a set of generators the collections of réfles (axial
symmetries). Every isometry is
1: reflection &xial symmetrySy
or
2: the composition of two reflectiors, Sy,
which is
A: the translatioM,ag= SpSs, if the axes a, b are parallel a||b (Fig. 1)
or
B: the rotatiorRo 2 = SpSa, If the axes a, b interseat b = {O} (Fig. 2).
or
3: the composition of three reflectioBg Sy, S (Fig. 4).
If allb, thenRo 2.90= SpSa, and we have the central symmedy= SpS, [1].
The composition of three reflections is symmetry ghide reflection (glide symmetry).
A composition of two reflections is direct transfation (not change the orientation of
a space), a reflection or a composition of thrékectons is opposite transformation (change
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the orientation of a space). Therefore translatamg rotations are direct transformations. So,
for example: triangles PQR argk(PQR) are oppositely congruent, and triangles PQ®R a
SySx(PQR) are directly congruent for every no colingaints P, Q, R, and lines x, y.

Sa Sp
/a\ /b\

ToAB=SpSa

—

¥

e

Figure 1: The compositiors,S, of the reflections Figure 2: The compositios,S, of the reflections
(axial symmetriesp,, S, across equad=b or parallel (axial symmetriess,, Sy across intersectinganb =
lines alp is a translationT,g (AB — the vector {O} lines (axes)y, b is a rotatiorRe 24

determined by the points, B)

Sp

7 T~

1=ScSpSa

Sa a

S~

So=S,Sa

Figure 3: The compositioB,S, of two reflections Figure 4: The compositio8.S,S, of three reflections

Sa Sp across the perpendicular linesh (allb) is S, Sp, Sc across the lineg, b, ¢ mapping the left side

the central symmetrgo triangle onto the right side triangle. At the batto
given left side triangle and right side triangle

Two triangles with equal side lengths we calhgruenttriangles. For two congruent triangles
it exist an isometry such that the first of therm &&@ mapped into second one (Fig4)l To
realize these transformation we need at most theflections (Fig. 4). Two congruent
triangles can be mapped into each other eitherdiseat or an opposite isometry (Fig:4).
2.1.1  2.1.1 Tessellations Bf — some examples

Example 2.1.1: Transformations on a parallelogrdie take two arbitrary curves and
translate them in two directions (Fig. 5). We obtidie elementary object (“pigeon”) (Fig. 5).
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a) Z al) i a2) !
Figure 5: Transformations on a parallelogram: ap tarbitrary curves; al) translation images of them;
a2) obtained shape (“pigeon”) [3]

Further translations in the same directions coridust certain tessellation (Fig. 6).

Figure 6: Parallelogram two-curved tessellatiorigéons”) [3]

Example 2.1.2: Transformations on a equilaterangle We take an arbitrary curve with
the origin in a vertex and endpoint in the middleac$ide of the given equilateral triangle
(Fig. 7a). Then we transform it by the central syetm (Fig. 7al), next by two rotations
(Fig. 7a2), and by five rotations (Fig. 7a3).

%\X\X%Q

Figure 7: Transformations on a equilateral triangheariations on Escher’s three butterflies: ajteaty curve;
al) central symmetry image of it; a2) two rotatica3) six (five) rotations [3]
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e
= all

Figure 8: Two rotations of the shape fronfrigure 9: Some appropriate translations of the shHegm Figure 8
Figure 7 [3] in directions parallel to the sides of trianglesxg@gons) [3]

Example 2.1.3: Two arbitrary curves with the origina vertex and endpoint in the second
vertex of a side of on given square (Fig. 10&hen we turn such curves around
the appropriate vertices with the rotation anglé 80d we obtain the shape of a lizard

(Fig. 10al).
a) al) a2)

00

Figure 10: Transformations on a square: a) twotranyi curves; al) two rotations around the vertinih
a rotation angle 99a2) the obtained elementary shape [3]

a3) [0 a4)
1

180
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N
N

e

9

Figure 11: Transformations on a square: a3) thisinduished vertices; a4) the configuration obtdirby
three rotations around the vertices with approgriatation angles 80180, 9¢°; a5) the obtained complex
shape [3]
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Figure 12: Transformations on a square Figure 13: Concrete paving designed on
the obtained tessellation [3] the equilateral triangle basis (photo: E.zKi@wski)

Interesting information about the tessellations barfound in many publications, including

[1, 4]. All tessellations are described by sevemigiscrete groups of isometries involving two
independent translations [1, 4]. It is noteworthgt six of the seventeen two-dimensional
space groups arise as the symmetry groups of fanphtterns of rectangles, which we may
think of as bricks or tiles [1].

2.2  |sometriesin E3

As we said before, reflection, translation, andatioh in (two-dimensional) plane can
be generalized to three dimensions. One generializaf a two-dimensional reflection is
three-dimensionateflection Sy about a straight line xcalled thereflection line We can
consider also an anothesflectionS,, about a planey called theeflection plane lsometries
on the planeéE® have a set of generators the collections of réfles about a plane. Every
isometry is
1: reflectionabout a plan&,
or
2: the composition of two reflectior®s,, Sg,
which is

A: thetranslationT2ag= SgS4, if the reflection planeg, S are parallebi|3

or

B: therotation R¢ 25 = S;S., if the reflection planes, g3 intersectan 8= c; for ¢=9¢°

we have reflectio. about the straight line

or
3: the composition of three reflectioBg, Sg, Sy,
which is

A: the glide reflection (a glide reflection is a composition a reflectiamout a plane

and a translation parallel to that plane)

or

B: therotation with the orthogonal reflection about a plane,
4: the composition of four reflectioi®s,, Sa Sy, Sswhich is thehelical motion[1].
The isometries 2 and 4 are direct isometries, sloenetries 1 and 3 are opposite. Spatial
congruence transformations (isometries) are amgak®ol when modeling objects.
Example 2.2.1: The modeling of two platonic polytwet: dodecahedron and icosahedron.
First we construct the (horizontal) wall of a doaleedron, next using Monge method we find
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the slope angle of five walls [2] and rotate theizutal wall to obtain the first inclined wall
(Fig. 14a), then we rotate four times the inclineall (Fig. 14al), transform by a symmetry
about the plane (Fig. 14a2), rotate and move t@aséion in Figure 14a3.

a) al) a2) a3)
Figure 14: Creating the model of regular dodecatvedra) finding (by means the Monge method)

the appropriate angle; al) five (four) rotationg) aeflection about a plane; a3) one rotation amé o
translation [2]

A similar design, but solid, for the icosahedronacae see in Figure 15 [2].
a) al) a2) a3) a4) ab)

R,

Figure 15: Creating the model of regular icosahedra) finding (by means the Monge method)
the appropriate triangular pyramid with a ridge Harizontal position; al) one reflection about thallw
of pyramid; a2) three reflections about appropript@nes or three rotations ; a3) three reflectiahsut
appropriate walls; a4) two consecutive reflectians one reflection about the plane determinedvsytbp
vertices of the bottom solid, and one appropriatation about the vertical line; a5) and one tiatien [2]

Example 2.2.2: The modeling ofraombic dodecahedrorA rhombic dodecahedron can be

generated by adding congruent pyramid to the siisvaf a cube (Fig. 16). First we construct

the quadrangular pyramid with the height equals af the cube edge. The further

construction shows Figure 16. A rhombic dodecahedthas interesting properties: it fills the

space without gapes (Fig. 17). This spatial filliogeration resembles a tessellation on
a plane. Using translation in two directions, wa @ith the entire three-dimensional Euclidean

space. Rhombic dodecahedron can be treated asiatsmaied brick-shaped.
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a) al) a2) a3) ad)

Figure 16: Creating the model of a rhombic dodededr® a) construction the quadrangular pyramid with
the height equals a half the cube edge; al) omionf a2) one reflection, three rotation and aaedlation;
a3) the complete solid with visual decompositiot); the obtained solid after the Boolean operaticum [3]

Figure 17: Rhombic dodecahedron can be treatedsaplasticated brick-shaped [3]

Example 2.2.3: The virtual construction of a modélArt Tower by Arata Isozaki [4].
The model is obtained by the skillful use of refiec about a plane to the previously
constructed tetrahedron. There are the reflectimosit selected faces of given tetrahedron.

a) al) a2) a3)

Figure 18: Creating the model &frt Tower a) the Art Tower in Mito by Arata Isozaki [4]; a1a3)
the sequence of reflection tetrahedrons in vanisisalizations [3]
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3 Conclusions

Construction of regular solids in three-dimensiosighce and design tessellation on a plane
are excellent situations application of conceptsysimetry. This is a good field of a creative
exploration for the student.
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|IZOMETRIE W NAUCZANIU GEOMETRII WYKRESLNEJ | GRAFIKI
INZYNIERSKIEJ

Waznymi przeksztalceniami zaimplementowanymi w opragyevaniu CAD, § izometrie,
czyli przeksztalcenia zachowagge odleglé¢ punktéw. Logika tych systeméw opierag si
géwnie na pajciu symetrii, translacji i obrotu. Waa jeszcze ra odgrywa podobigstwo.
Uwzglednienie tego faktu w nauczaniu geometrii wyknej jest wanym dezyderatem
dydaktycznym. Praca zawiera propozyciydaktyczia z zakresu zastosowania izometrii na
ptaszczynie i w przestrzeni.



