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Abstract. Described here construction of an axonometric \oéany three-dimensional object
has been developed analogically to the method thatommonly used in perspective
projection. It is possible to intentionally adopiot parameters of axonometric drawing so that
we receive the required image of a structure. Thesegarameters to be selected are: the trace
sl of the axonometric picture and the height ofnpd@n. Some discussion on possible
positions of the point On has been conducted asaol alfew exemplary drawings have been
presented in the publication.
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Introduction

Basic feature of perspective representation of tange dimensional (3D) object is that the
parallel lines creating its parallel edges convexga single point which is called a vanishing
point. Any linea will be represented in the perspective projechgrthe linea® which will go
through two pointsT , — the trace of the lina in the picture plane and the vanishing p&igt
which is the image of a point at infinity lying ¢he linea. In this paper we will present the
new method of creation of various axonometric insa@®ictorials), where the analogy to the
perspective projection will be considered and thmmeters assigned to alternative solutions
will be discussed.

According to the sources provided in [2Xbnometric projection is a type of parallel
projection used to create a pictorial drawing obhject, where the object is rotated along one
or more of its axes relative to the plane of priigg. Axonometric projection, or as it is
also called garallel perspective[l], has provided a fantastic tool for architectsl artists
and has become popular since the modernist arthifieom Bauhaus (e.g. Theo van
Doesburg) started to use axonometric projectioriseir design projects.

Polish standards ([5], [6], [7]) which are currgnith force distinguish three types of
axonometric projectionssometric, dimetric, and trimetric while onlyisometric projection
has been defined as amthographic projection. The two other types of axonometric
projections @imetric and trimetric) have been classified in [7] asblique projection
methods. According to classification provided bytoOet al. in [3] within the group of
orthographic projections one can distinguish anisometric, dimetric and istio types of
projection (dependent on the differences betweeesfwrtening factors along the principal
axonometric axes) and also similar distinction basn provided for oblique axonometric
projection. It is worth mentioning that in the sdand [7] a new term within oblique
projection type has been introduced for the “plaatit’ (aksonometria planometryczna, Pl.)
representation which replaced the notion of “Péigpea wojskowa’Pl) which has been
used up-to-date by Polish geometers [3]. In Gerrit@nature ([4] p.70) the notion of
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“Grundrissaxonometrie”, “Vogelprojektion”, “Militgarojektion” or “Planometrische
Projektion” can be found for this type of obliquepaometric projection.

1 Initial parameters’ specification: co-ordinate system, picture plane and direction

of observation
In this paper we will focus only on the case ofhographic axonometric projection.
Designations used in the drawings will comply viltbse used by Otto et al ([3] p.155).

1.1  Orthographic views of a 3D structure

We will describe the method a@irthographic axonometric view construction in which we
start from the givertwo (or three) orthographic views represented in the European method
(Fig.1). We adopt a Cartesian coordinate sys®@ryZ) with thez axis parallel to the vertical
edges of a structure, while the principal planethefOxyz system are parallel to the faces of
our building.

[]

1o

Figure 1: Principal orthographic views of a 3D sttuie (European method)

1.2.Adopting an axonometric picture plane - traditional approach

Let us adopt armxonometric picture plane e, which will be oblique in reference to the
Cartesian Coordinate Syste@xyz (Fig.2). The picture planey, is perpendicular to the
assumed vectdt, which representthe line of sight (LOS). After Otto et al. ([3] p.155) we
will use the labels,, S, andS, for the piercing points of the axgsy andz respectively with
the planert. The sides of the triangle that are thaces of the picture plane 1 on the
principal planes of Cartesian coordinate systenh el respectively labeled with, 9,
(Fig.2). For the case of orthographic projectioe thangle of traces.S;S, is always an
acute-angled triangle([3] p.150). The heights of the triangkS,S; create the axonometric
axesx", y", z". From the fact that the LOS is perpendicular ® picture planay, and the
origin O will be projected at right angle into the plamgewe conclude that axonometric axis
Z" will be passing through the point”“that lies at the intersection of two lines: tmaces;
and the line which iperpendicular to the trace § andpassing through the origid (Fig.2).
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Figure 2: Axonometric picture plang Figure 3: Parallel translation of the picture plape

(picture after Leopold ([4], p.201))

Axonometric picture plangg can be positioned at any distance from the or@iof
the CartesiarDxyz system. Parallel translation of the picture plap&oes not change the
size of the axonometric viewas the lines of sight create a bundlepafallel rays which
intersect the family of parallel axonometric pietplanest, and produce congruent figures
(Fig.3 after Leopold, [4] p.201).

2 What is new in the described here method? Tradianal and new methods used to
adopt the LOS

2.1 Traditional method

Typical descriptive geometry textbooks ([3], [4]opide instruction on axonometric views
construction. First, we optionally choose any a@rtgled triangle, second we determine the
three heights of the triangle and finally we codeuhat the heights of the triangle create the
axonometric axex", y" and z". The method does not explain any relation betwaen
assumed direction of observatik{LOS) and the expected view outcome. Traditionallyo t
parameters of thedirection of observatiok (LOS) have to be defined: its top vieki and

its front viewk” (Fig.4). The first parametds defines from which Side’ we are looking at
the building (the options are: from theft-hand side from theright-hand side, from the
front, and from théback side while thek” parameter defines the slope angle of the vdctor
of our observation in reference to the base plarg @ Fig.4:k’ andk” are orthographic
views of the vectok).

Y\ N
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Figure 4: Adopting the Cartesian coordination systend directiork
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2.2  Specifying basic parameters in a new method

Innovation of the described method lies in the fthet we are able to intuitively specify two
parameters of axonometric view (veckorand the position of poir®") in such a way that we
will receive such an image of a structure that vemtnto get. Two parameters will be chosen:

1) directionk’ that defines which side we want to observe theaildyom (e.g. from
the left-hand side, from the right-hand side, fritv@ front or from the back),

2) the height of the poir®" which decides what is the inclination of the dii@c of
observatiork in reference to the object.

Let us notice that the vectk¥ is not specified. The inclination of the vectomwill be
defined by the position of poir®". Possible variations of the poi@" position have been
analyzed in paragraph 4 of this publication.

3 Axonometric view construction
3.1  Selection of the position of the trace s

The traces; can be chosen at any distance from the buildinglwaysperpendicular to the
direction k’. Preferred position will be chosen when one verteks say pointA, of the
building’s base belongs to it (Fig.5). The tragentersects respectively with the axésand
y' at pointsS, andS,. Let us orthogonally project the origih ontos; in the directionk’. We
will label the point of intersection withand the axig" will start vertically from this point.

In order to construct an axonometric view of a dinidy agrid of lines in the base
plane of a building will be chosen (Figs.5-9). Eadyge of the building’s base will be a line
determined with itgrace on the line ¢ andthe point at infinity . The sides of our building
are respectively parallel to the axeandy.

3.2 Transferring distances between an orthographiand axonometric views

On any horizontal line we measutiee distancesbetween points: ,S 1 and § and we
respectively label these points. In Fig.5 the distabetweers, andl equalsa. The vertical
axis z" starts at point. We select poin©" at any height of the" but within the semicircle
with the diametelS,S,. PointsO" and S, determine together the axiS, while O" and S,
make together the axig. The missing sides, ands; of the triangle of traces can easily be
added by drawing perpendiculars to lix€sndy" through pointsS, andS,, respectively.
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Figure 5: Direction of observation k chosen from bft-hand side. Plan view of the situation arel th
axonometric axes
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3.3  Axonometric view of the base rectangle of a dding

We extend the sides of the basic rectangle (Figi§ht-hand drawing) of our building to
construct the trace¥’, 2’=A’ and3’ and we transfer the distances to the tacEeompare
transfer of distance between point$, and 3’ in Fig.6). Two sides of a basic rectangle are
parallel to thex axis, two other are parallel to thiexis. We construct the base of the house as
shown in Fig.8. The heights must be determined digiguthe “traditional method” of the
plane Oxz or Oyz rotation as shown in Fig.8.

The important property of the described innovativethod of construction is that we
do not needto construct the foreshortening triangles for tiese plane Oxy. The final
axonometric view of our building has been presemideig.9.

lo'=z'

¥ Sy
a\
3

s

L]
T
2'=
!
|

S1

X SX\ |o=z

S1

3 T I 2'=A

Figure 7: Drawing the house base
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Figure 9: Axonometric view of a building

4 Determining the position of point &'

Position of the cente®" has specific constraints. As the podit is the orthocenter of the
acute-angled triangle of trac&S,S, it must be chosen within the semicircle basedhn t
traceSS,. Let us discuss various positions of paDft dependent on the inclination of the
direction of observatioh.

In Fig.10 we have adopted a family of picture pemg (e*, 2, e, v, °,....), all
passing through a common liggS,. Subsequent positions of the picture planes ofatrely
() have been obtained by the picture plane rotagimund the trac&,S,. Directions of
observation create a family of directiots) (vhich are always perpendicultar the respective
picture planest/ ). The picture planew® is perpendicular to the directidn, the picture
planeTt? is perpendicular to the directide, the picture plane&r:f,l3 Is perpendicular to the
directionks,..etc. In Fig.10b we can see the picture plamgas the edge views. The points
O" are the images of the origi in orthographic projectianVe construct each of the points
O"; as an orthographic projection of the originonto the picture plang;' in the directiork;
(Fig.10Db).

The triangle of traceS,S,;S; gets changed for various positionskaf The tracesS, can
be either a real point or a point at infinBy”. In Fig.10 we can see that the tra&s S°,
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S,%, andS,” for the inclined directionk,, ks, ks, ks are the real points, while the tra8£” lies
at infinity and the position of the picture plamg* is vertical, while the corresponding
directionk; is horizontal. PoinD"; belongs to the tracgS, and coincides with the poiit
In this case we obtain a front view of a 3D object.

a) b)

100
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O? X,y plane k1
Sx=Sy, N

Figure 10: Relation between the direction of obaton k and the position of point'Ca) 3D view, b) edge
view of picture planes

Analysis of Fig.10 leads to the conclusion thatriere obliquealirection k the larger
distance between pointsandQ",. The limiting positions of the directidnare:

= horizontal directiork, || Oxy - we obtain the front view

= vertical directiork,[JOxy - we obtain theop view of a structure
Figure 11 illustrates how can we adopt the positddnpoint O". Once we have
transferred the trac®S, together with the poirt we need to construct a circle of a diameter
SSy and to draw the vertical axiS through the point. PointO" can be freely chosen on the
Z" but within the circle. In Fig.11, the labels foesignation of point©", have been used
analogically to the positions of directikras they were used in Fig.10. Specifically we have:

« Point d1=I - a horizontal direction k; we obtain the elévatview;

« Points J,, O'; above the trace,S, - inclined direction k; we obtain the isometric
view of a structure as observed from above theabbileis picture can be compared
either to the bird's eye view or to the human's\eg® in perspective projection; let
us notice that the closer point";Go the circle, the more steep direction of
observation k;

« Point dY4 - a vertical direction k; we obtain the top view;
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« Point Js below the trace ;& - inclined direction k; we obtain the isometriewi
of a structure as observed from below the Oxy pléme picture can be compared
to the worm's eye view in perspective projection,

« Point Q" - avertical directionk but observation from the bottonwe obtain the
bottom view (Fig.11).

Now the axonometric axes can be drawn. The ®Xigoes through two point®";
andS,, while the axisy"j goes through two point©"; andS,. Direction of the axonometric
axis always determines the pod and pointS, for the axisx" (or S, for the axisy").

Figure 11:Analysis of the possible positions of the padit

5 Using a modular grid for parallel perspective costruction

In this text a modular grid was used to constriaetaxonometric view of a house. However, it
is not obligatory to use such a grid. Similarlyth® central projection case, any base of a
three-dimensional (3D) structure can be construetéd the use of the method described
here. Any line in the plane Oxy will be determingih two points: the trace which will be
determined as a piercing point with the picturenpl, and thevanishing point which for this
type of projection is a point lying at infinity. ¢zi.3 shows the case of construction with a
modular grid in the plan view application. Fig.14 shows an eplnwith anon-modular
grid application.
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Figure 12: Axonometric view of the house — Reguléd of the base
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Figure 13: Axonometric view of the house — Irregudrid of the base

6 Conclusion

The method presented here is easy and intuitivedti@ade drawings presented here (Fig.14
and Fig.15) have been created by the studentsabfitdcture within the course of Descriptive
Geometry. Fig.12 shows the axonometric view ofraitiahouse which has been founded on
the hill as observed from its bottom. This view da@n compared to a "worm’s eye view"
construction in central projection. Figurel3 shangictorial of the same house as observed
from the “bird eye” view. The method has been tawghour university for many years now
but has never been put into edition. Obviously,rnbeelty of here described procedures does
not lie in description of axonometric represemtatbut in description of the new approach
and the new construction methodology. Strong ametodhave been found between
axonometric and perspective views’ constructionhoes.

']\4'/\

{ 2T

Figure 14: Axonometric view of a house presente&inl — Worm’s eye view: observation from “belottie
plane Oxy - handmade drawing
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Figure 15: Axonometric view of a house from Figdre observation from above” the plane Oxy: handmade
drawing
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PERSPEKTYWA ROWNOLEGLA - INNOWACYJNA METODA
KONSTRUOWANIA AKSONOMETRII PROSTOK ATNEJ

Istotrg cechly odwzorowania perspektywicznego na tlo plaszczymngest to, i obraz
dowolnej prostej jest prastwyznaczon przez dwa charakterystyczne punkty: jednym z nich
jestslad ttowy, a drugim jestlad zbiegu, czyli obraz punktu niewtwego tej prostej. Celem
niniejszego opracowania jest analiza odwzorowaalkin] jest aksonometria prostgha i
zastosowania do jej konstrukcji analogicznego roawemia do tego, jakie stosujemy w
odniesieniu do rzutdrodkowego. Obraz prostejzgcej w plaszczinie podstawy obiektu
tréjwymiarowego bdzie ksztalttowany jako prosta wyznaczona przez pwekty: slad ttowy

na rzutni aksonometrycznej w przgau sk ze sladem poziomym tta aksonometrycznego oraz
$lad zbiegu, ktory w tym przypadku jest punktem da@aiwym osi X' lub V', czyli ich
kierunkiem. Podstawowym podokiswem aksonometrii jako perspektywy réwnolegtej, do
perspektywy jako rzutdrodkowego, jest wskazanie miivos¢ swiadomego doboru kierunku
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ogladu. W perspektywie mma ,obef¢” wok6ét modelu i wybré dogodny rzut stanowiska

oraz okréli¢ jego wysoké&¢ poprzez poteenie horyzontu. Tak te w aksonometrii

prostokytnej jako perspektywie rownolegtej mma swiadomie dobré rzut kierunku wzgidem

modelu oraz jego pochylenie poprzez wskazanie zeoia rzutu pocgku uktadu 0. Ta

metoda konstruowania aksonometrii progtokj zostata opracowana przez dg.imrch. A.

Zdziarskiego oraz spopularyzowana na wydziatachtd®biniki Krakowskiej oraz w UKL

(Technische Universitat Kaiserslautern) przez wespidlrle niniejszego referatu [4]. Opierasi

ona, podobnie jak zasada konstruowania tzw. "pktgpg stosowanej’, na bazie rzutow

prostoktnych.

W kolejnych etapach pracy autorzy przedstayngstpujace zagadnienia:

* Analiza doboru parametréw aksonometrii tj.: dok&rtni, przygcie uktadu wspotrednych
kartezjaiskich Oxyz w zalenosci od przygtego kierunku obserwacji,

» Wariantowa analiza doboru kierunku obserwacji ohieB-wymiarowego za pomac
doboru wektora k' oraz punktd'O

» Opis innowacyjnej konstrukcji aksonometrii prosttie;,

e Analiza poréwnawcza rozwane] metody konstruowania aksonometrii prostiod]
(perspektywy réwnolegte)) i perspektywy jako rzétadkowego.

Metoda opisana przez autor6w znajduje zastosowanigraktycznym, konstruowaniu

wizualizacji obiektow 3-wymiarowych. Jest na tylezgjrzysta, 2 wspomaga ksztaltowanie

wyobrazni przestrzennej. Poprzez analigarametréw doboru kierunku obserwaciji i sterowania

jego pochyleniem otrzymujemy przgpta metod na zrozumiale i przewidywalne

ksztaltowanie obrazu aksonometrycznego.
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