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1 Preamble

In general case mathematical manipulations and atatipns precede a direct geometrical
construction during solving of a geometry problemacgeometry task, they allow reasoned
approach a determination of correctness of a taskaachoice of the optimal algorithm for

solving. The result proceeding from analyze of sogmeen conditions and manifolds

determined in the task is designing of grafo-matgsal algorithms for solving a given

problem or task.

The using of enumerative geometry as a basis otutable calculations allows
applying the basic method of the descriptive geogymmehich is symbolical representation of
geometrical conditions [1].

It is offered to uses character for a designation of incidence cond#iamd for a
designation of appropriate manifolds thereat theroon incidence condition is symbolically
represented in the form [1]:

m,m-1..1,0
Cams B venid B - (1)
where number of upper and lower indexes coincides$ its values are positive natural
numbers.m, m4, ..., 0 indexes determine dimension of the linear manifohd all its sub
manifolds buta; is a dimensions of a manifolds which are linear swnifolds of a desired
manifold.

The alternative superposition of one or other & ttvo dependent conditions is
represented by sum of two selected characters pf cader and superposition of two
conditions at one time is represented as reswtprbduct of two characters in any order. This
multiplication submits to the distributive law whithe associative law is both valid for the
sum and for the product of such characters. Soacters in two operations submit to
common algebra. Subtraction of characters can appehe equations between characters of
conditions but division of characters doesn't arise

In given article, algorithms of multiplication aficidence conditions and examples of
them applying are considered for four common types.
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2 The first type of multiplication of incidence comlitions
The first type of multiplication is a multiplicatioof two general conditions of an intersection
of m-planes withk- ands-planes in a point'
mm-1..., 1 O m,m-1,... m m-1.., 2, 1,0
en, n-1,...,n-m+1k , n-1.. n m+Ls n, n-1...n—-m-2k,; kg 2)
k1, Ko
wherekot+k;=k+s+1 andko,k; accept values 8 ky < k < k; < n—-m+1. In [1] you can see that
expression (1) can be reduced to

k
mm-1..., 1 O mm-1..., 1 0 _ mm-1..., 1, O
en, n-1...,n—-m+1k , h—-1..,n—-m+1s _Zen n-1...s+i+Lk-i
i=0

if stk <n—m, s> k and it can be deduced to
n—m-s

mm-1..., 1 O m,m-1... 0
en, n-1...,n—-m+1k , n—1,.. n m+ls Zen s+|+Lk i

if stk >n—m, 3 k.

Based on the above stated it is possible to makéotlowing algorithm to calculate a
multiplication of virtual incidence conditions dfd form 1.

Require: e, &

Ensure: e=ere

1. if g ande, satisfy the type then
2. if k > sthen
3. replaces; with e;and vice versa
4. eis initialized by empty list
5. if s+k+1 < n—-m+1then
6. for i=0 to kdo

m-1., 1 O
7. appen(ErT rr?—l...,s+i+],k—i toe
8. else
9. for i=0 to -m-sdo

-1,., 1 0

10. appen(erTr:—L...,n—m—HL stk+m+i—n toe
1l.else
12. it's error, you should choose another alganit

Algorithm 1. Galculation of the multiplication of two incidence conditionsanif intersection
of m-planes withk- ands-planes in a point.
Let's consider application of the given algorithmexamples of products of incidence
conditions of straight lines and planes in threw Bour-dimensional spaces.
For three-dimensional space we assume that itaessary to determine the number of
lines that intersect a plane and other line. Thosdd@ion in formalized form looks as

e32 @31, where e:ij’g means condition of intercross of a plane and a And e%"’f is

condition of intersection of two straight linespplying the algorithm we find that both
incidence conditions correspond to the type 1 wkeands=1, k>s and we can write down

our expression ae3l @%‘2 Then based on the fact thsatk=3, n-m=2 and 3>2 summation
limits are from 0 to+m-s, i.e. from 0 to 0 and this in turn means that theréhe unique
solutione?]ﬁ :
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Let’s presume for four-dimensional space that it is necessargidtermine the
number of planes passing through the given strdiglet and a point. This condition in

formalized form is asei’ég @i’%"’g where ei’ég means condition of the plane passing

through the point anei’é’g defines the common type of plane which intersethsr plane in

four-dimensional space. Applying the algorithm waedf that both incidence conditions
correspond to the type 1 whekeO ands=2, recognizing thas+k=2, —Hm=2 and 2> 2

summation limits are from O tk, i.e. from O to O, hence there is only one solut@i‘é‘%
which means that the required plane will interggloer plane in a straight line.

3 The second type of multiplication of incidence caditions
The second type of multiplication is a multiplicatiof two incidence conditions ofi-plane
with p-, r-planes that have the following form:

err1n_, p, nTp]: Ln— p]:m+], n9 p—m Erzn—,r, nm—rL—];::,n—}—m+L 2—r -m? (3)
wheren—-p>m, n—r>m.
This reduction is the most simple reduction of firesented. Based on the above
stated conditions of existence a (2) reductioneeeives that manifold of m-planesrafp—r>
m satisfies them, in a different way conditions deéined over it means that their dimension
is more then dimension of Grassmann’s manifoldhgilanes inn-dimensional space. Hence
the multiplication equals following:

m, m-1, ..., 1 0
en— p-r,n—-p-r=21...,n—-p-r—-m+Ln-p-r-m?

atn—p-r>m.If n—p-r=mthen we receives fundamental incidence cond@pfi_ ;" 15 -
Require: e, &
Ensure: e=e;e
1. if e;ande; satisfy the type then
2 if n —p—r>mthen
—_ M, m-1, ..., 1, 0
3. e= en—p—r,n—p—r—:L...,n—p—r—m+L n-p-r-m
4. else ifn—p—-r=mthen
— aMmm-1..10
5 e_em,m—L...lO
6. else
7. it's error, you should choose another algarith
Algorithm 2. Galculation of the multiplication of two incidence conditionsrofplane with

p-, r-planes.
Let's consider application of the given algorithmexamples of products of incidence
conditions of straight lines and planes in threw Bour-dimensional spaces.
For three-dimensional space we assume that itdessary to determine the number of
lines which intersect given plane at a point antbrg to other plane. This condition in

formalized form looks aejz“g Eéi:g where e?];g is condition of intersection of a straight line

and a plane in general position in three-dimensicpace andejz”g defines condition of
belonging a straight line to a plane. Applying thigorithm we find that both incidence
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conditions correspond to the type 2 whee®, r=1 and there is only one solution and start out
with n—p—1=2 > m=1 the solution i;ejz"fl’.

Let’s presume for four-dimensional space that it is necessamyeti@rmine the number
of lines which intersect a plane at point and bglama plane. This condition in formalized
form is ejz"’(l) @%’2 where ei:g means condition of incidence of a straight linedyin three-

dimensional space to a plane &Eﬁ means intersection of a straight line and a piarieur-

dimensional space. Applying the algorithm we fihdttboth incidence conditions correspond
to the type 2 wherp=1, r=2 hence there is the unique solution anethgs—=1 = m=1, the

solution is fundamental incidence conditielirg that means a general provisions straight line
in four-dimensional space.

4 The third type of multiplication of incidence corditions
The third type of multiplication is a multiplicatioof two incidence conditions one of which
is condition of intersections ah-plane withk-plane at point and the second is common
incidence condition.
mm-1.., 1, Orzm, m-1..,1,0 _ m m-1,..,10
& n-1n-meik o a i aag Cm » Cm—q G »Co ’ (4)
wherecy, ..., @ indexes should satisfy following conditions:
am1< Cm< am, 8n2< Cm1<am1, ..., 0 G < 2,

gc, =§ai -n+m+k.
i=0 i=0
Require: e, &

Ensure: e=e'&
1. if g satisfies the type then

2 eis initialized by empty list
3. sungai—n+m+k.
i=0

4 repeat

m
5. if ZGI is equalsumthen

i=0

appendeqmn’, c:__llcllc?) toe

7. until there are all possible setsagfvhich satisfy conditions

a’T'I-l< CmS am, "-!OS COSaO
8. else ife, satisfies the type then

9. replacee; with e;and vice versa then start over
10.else
11. it's error, you should choose another alganit

Algorithm 3. Galculation of the multiplication of two incidence conditions aofewhich is
condition of intersections afi-plane withk-plane at point.

So if you can’t get any numbers that satisfy thevabconditions, these conditions
aren’t compatible. Hence the criterion of consisyerf the given conditions is given
conditions set.

Let's consider application of the given algorithmexamples of products of incidence
conditions of straight lines and planes in threw Bour-dimensional spaces.
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For three-dimensional space we assume that itaessary to determine the number of
planes which intersect a plane at line passingutiitoa given point. This condition in
formalized form looks ase32,’2l’8 @éi"g where eé’zjjgmeans condition of a plane passing

through a point ancefi’i"gmeans the incidence of a plane and a straight Apglying the

algorithm we find that the first incidence conditioorresponds to the type 1 and the second
incidence condition is common incidence conditibart let's calculate a sum of indexgs

Zai -n+m+k=3+1+0)-3+2+0=3 and plot the conditions for;: 1 < ¢, < 3,
i=0
0 < <1 0< <0 which show that there are two sets of indexesfgmg the given

conditions, namely, they are 3,1,0 and 2,C0mpare the sum of the obtained indexes with

the estimated: 3+1+0#8 and 2+1+0=3, hence there is only one solutionimcezzi"g that

is fundamental incidence condition and means a complane in tree-dimensional space.
Let's presume for four-dimensional space that it is necessamgetermine the number

of planes that intersect pair wise in a straighe land intersect other straight line at a point.

This condition in formalized form isei’?]ﬁ @2,’12",(1) where ei'sj;f means condition of

intersection of a plane and a straight line atiatpgnd ei’jz"g means that planes intersect pair

wise in a straight line. Applying the algorithm Viied that the first incidence condition
corresponds to the type 1 and the second incidemaeition is common incidence condition

then calculate a sum of indexes Zai -n+m+k=(4+2+1)-4+2+1=6 and plot

i=0
the conditions foi: 2 <, <4,1 < <2, 0< <1 They show that there are four sets of
indexes satisfying the given conditions, namelgytare 4,2,1; 4,2,0; 3,2,1; 3,2,0. Compare
the sum of the obtained indexes with the estimateeR+1=7%6, 4+2+0=6, 3+2+1=6,

3+2+0=56. Hence there are two solutioﬁ,‘]i% and eé’zjjf, where ei’%’%is planes intersect

pair wise in a straight line and this line pasda®ugh a given point an@é’éi means
condition of a plane lying in hyperspace of foumdnsional space.

5 The multiplication of two common incidence condibns
It's a multiplication of two common incidence cotidins form-planes im-dimensional space
which is expressed in following type:
m, m-1,..10 m, m-1..10
Am » Ay »-- 8,0 m » Bm=1 >0 ,0g " ()
This multiplication reduces to a multiplication thfe third kind if we expand one of
these conditions into a determinant consistinghefthird kind conditions:

©)

m, m-1,.,1,0 _qu-)vkij
am, 8m-1 »--» 8,80 .

where (...)#,n-,...n—m+1, kj=a;—i+ (1,j)=(0,1,...,n).

If kj < O orkij > n—m, incidence conditions forming the determination havesense
and are equal zero. So common condition is reptedeas a determinant in which
multiplications are interpreted as intersections.

Require: e, &
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Ensure: e=ere»
1. eisinitialized by empty list
2. decompose thg condition to the determinant of the (6) form
3. represent matrix determinant in a type

8,8, 8n

4. for all & summands of got determinah

5. & is initialized by empty list

6. for all g factors ofe, summandio

7 multiply € ;- € j+1 using the 3 algorithm

8 append a result of multiplication ¢ég

9 multiply e,-e5 using the 3 algorithm

10. append a result of multiplication &

Algorithm 4. Galculation of the multiplication of two common incidence conaiits.
Let’'s consider application of the given algorithm eéxample of products of incidence

conditions of planes in four-dimensional space:d.assume that it's necessarily to determine
a number of planes which intersect a plane in compuasition in straight line and which are

210 1210
incidence of other plane at a point. This conditioriormalized form |se4]2"0 @4 ]2"1 where

esz"% means conditions of incidence of two planes atomtpand 64,2,1 is condition of

. . . . . " 210 . : -
intersection of planes in straight line. Expand dbadition 642‘1 into determinant consisting
from incidence conditions of the third type:

210 210
e4,3,1 e4,3,0 O
210 _ 210 210 210
e4,2,1 - e4,3,2 e4,3,1 e4,3,0 !
210
O O e4,3’2

: . . 210 2,210 5210 210 2,210 5210 . ,
this determinant is reduced 8,5, (8,5, [€,5, —€,5, [€,5, (8,5, by using Sarrusa’s
rule (triangles rule)That in turn means that initial expression is rextbio:
21,0 210 (210 (210 _ 4210 1,210 6210 ) —
€421 [ﬁ €431 @43,1 ®432 €430 @4 3,2 @4,3,2) -
@210 [@210 (210 (1210 _ 0210 (210 1,210 5210
€421 @4 31 ®4,3,1 @4,3,2 €421 ®4 3,0 @4,3,2 @4,3,2-
Then we sequentially multiply members of computedression and as one member
always is incidence condition of third type, it'ogsible to receive that result of this

expression is

210 210 — 4210
2|]93,1,0 e310 e310

. . 5210 . . . .
Hence there is only one solutidR37o which means a plane in three-dimensional space

which passes through a straight line.

The generalized algorithm of multiplication of idence conditions

As we can notice, algorithm 3 allows to calculasult for multiplication of incidence
conditions of first and second types and algori#hrgives possibility to expand incidence
condition as determinant consisting of the thinddkincidence conditions. Algorithm 3 and 4
in total make it possible to calculate a multiplica of any virtual incidence conditions.
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Based on all above stated, it's possible to prodyeeeralized algorithm of multiplication of
two incidence conditions which can be represenyetthd (1) block diagram.

6 Issue

Typically the direct geometric construction is meéed by mathematical calculations and
computations which allow to approach to the cordsfinition of a task and to the choice of a
optimal solution algorithm with well-reasoned. Tiuesented algorithms make it possible to
automate the process of research and synthesifferedt varieties of geometric objects and
also calculate the required dimensions of objentktheir algebraic properties.

C Enter )

Expande; as the
determinant (6)

yes Represent matrix determinant in a type :
B replacee, with & N :
; a1,05,...0,
and vice versa Z(_ 1) @m- Ay
ay,a,,...0,
Execute algorithm 3 Cycle 1. lterate through all

summands of the received
determinant

Cycle 2. Sequentially,
multiply summand
multiplicands

[€)

Execute algorithm

v

L Cycle 2. )
v

Multiply each summand by,

v
L Cycle 1. J

Picture 1. Block diagram of multiplication algornithof two incidence conditions
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KILKA ALGORYTMOW MNO ZENIA WARUNKOW INCYDENCJI

W pracy przedstawiono kilka algorytméw, ktére polapawyznaczd iloczyny pewnych
warunkow incydencji okrgajacych r@zne obiekty geometryczne.



