The Journal of Polish Society for Geometry and Begring Graphics
Volume 23 (2012), 25 - 28 25

PENCILS OF THE MAUTUALLY SUPER OSCULATING CONICS
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Abstract. The E- transformation is a quadratic transformatiothe projective 2D space for
which the base constitute the circfeamd the center W which lies on this circle. Speaily,

the authors present the results of the furtherudision on the properties of the pencils of super
osculating conics. The theorem on projective refatoetween the elements of the pencil of
super osculating conics and the range (of the skooder) of the conics’ centers has been
proved.
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1 Introduction

In this paper the author presents the results ef thsearch work which is a continuation of
the earlier considerations that have been publised[4] and [5]. The quadratic
transformatiorE has been defined in the following way: the cimtfeis its base and the point
W belonging to the base circté has been chosen to be the center of&hensformation.
All lines passing through the poid¥ will be transformed into a set of osculating cgnilcat
pass through the poirit=2=3=W. The centers of the osculating conics create tmcc’,
which has been called the conic of the centers.

2 Formulation of the problem
Let the base?’ of the transformatioft be given together with a pencil of straight linest
the vertex4’ of this pencil belong to the linev (Fig.1). In theE transformation the
corresponding elements are as follows:

- line g’ of the penci(4’) corresponds to a parabaja

- linea’ which does not intersect the base cirdeorresponds to the ellipsé,

- the secani’ of the base circle? corresponds to the hyperbdia

In the discussed layout the conic of centsrswill become degenerated into two
straight linesy andw. The last can be symbolically denotedsas q + w. All the vertices of
the basic quadrangl&=2=3=4 become united at a single pow and thus the coni&’
degenerates into two lineg=WQ° andw = W4’ (compare [1], pp. 146, 147). Poi#tthat
coincides with the poinW corresponds to poirt and thus the pencil of coniggi-o-3-4
creates a pencil of super osculating conics. Theip®f conicsp?-;-3-4 consists of the
following elements:
- the set okllipsescorresponding to the lines of the pencil (4’) whare in the “external”

position in reference to the base cinafe
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- the set ohyperbolas corresponding to the secants of the base aifcle
- two parabolas one of them is a non-degenerated parabblavhich corresponds to the

tangent lingy and the other one isparabola which has been degenerated to thewne
Whereas the ling is the polar line of the point’ in reference to the circle?, and
whereas the centddl,, of thecircle n?does not belong to the lire we can conclude that the

circle n? does not belong to the penpfh-o-3-4 (Fig.1).

Figurel

Thesis: We will now prove that for the case of a pencilsaper osculating coniqs’1-p-3-4
the theorem considering osculating conics is alse. t
... Is in

Theorem

The pencil of conics p®1=»-3-4 Which consists of the conica?, b? ¢
projective relation to therange of the second ordemith the base on the conif and the
pointsMj, Mp, Mg,.... becoming the elements of this range, whilegh@sints are the centers

of the corresponding conied, b?, o, ...
Proof: In order to construct the centht, of the conica? which corresponds to the

line a’ of the pencil4’) we need to perform the subsequent steps of catistnu

Let us draw a straight ling parallel to the line’ and passing through the polt

(line t, is the axis of the elation in the quadratic transfationE [4, pp.5, 6],

Linest, andq’ meet at poinT ,,
Through the poinf, let us draw the lin@ parallel to the linev. Line a will be the
other tangent line to the coréé (an ellipse, as the' is the external secant of the base

circlen?,
« Linesa andq (line q is thepolar line of point4’ in relation to the circley) meet in
point A which is the other vertex of the conic’s axis,
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« The centeM, of the conica® is a midpoint of the segmeAW, which is the axis of
the conic.
If we continue performing the above described #@gtifor the subsequent lines of the
pencil (4°), we will obtain theperspective rangeof the sets of the T degree elements
(pencils of linesandranges of pointg as described below:

pers pers pers
4 @,b,q,..) o« "7TA"B”Q"...) o W(tatstg...) o 0 (TaTo Tq,--.)
pers

«>

pers
4" (a,b,q,...) » g(A, B,Q,..)
The boundary elements of this range @@ective, e.a.

proj

4 @,b,q,.) «q(ABQ, ...... ),
where the symbols:
pH] and pH will be used to denote the projectivity and thespectivity.

As pointsM,, Mp, M are the midpoints of theelevant segmenté/A, WB, WQ,...
thus the rangg (A, B, Q, ...... )is in perspective relation to the rangg¢M,, My, Mg, ...... )
and hence we can conclude that the ranges
4 (a,b,q,...)and g (M, My, Mg, ...... ) are projective (as stated).

From the fact that the base circi&loes not belong to a discussed pepil-3-4 We
cgn conclude that the vertices of a bagiadrangle must not be chosen to lie on the circle
n-.

To give an example the vertices can be arbitrahilysen on a parabola (Fig.2).
4" a'

4", W=1=2=3=4 w

Figure 2

In Fig.2 an arbitrary parabolg® has been given. The following elements of the
parabola have been chosen: its diamgtea conjugate to this diameter tangantand an
optional pointP. The pencil of conicp?1-o-3=4Will be determined when the vertices of a basic
quadranglel=2=3=4coincide with the pointV=qw. Let us determine the osculating cirofe
to theparabolag® at pointW. Line g meets the circla? at pointQ°. The tangeny’ to the
circle n? at pointQ° meets the linav at point4’. The last point is the vertex of a pencil of
Iir21es which will be transformed in thE into a pencil of mutually over-osculating circles
P 1=2=3=4

Let the circlen® be optionally chosen. If we arbitrarily choose tiwénciding points
1=2=3=40n the circlen® so that they unite with the poifw then we obtain a pencil of
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mutually super osculating conics, while the cinafebelongs to the pencil (Fig.3). The point
at infinity 4'” belonging to the linav will become the pencil’s vertex. This pencil wilety
transformed into a pencil of conics. Limeis the axis of elation for thE transformation. In
Fig.3 two specific lines of the pendll” have been distinguished. One of them is thedine
which is the tangent to the ciraf® and the other is, the external of the cinefethe linea’.
Two conics: a parabolg and an ellipse?® respectively correspond to the distinguished lines

Figure 3

3 Conclusions
Discussion presented in this paper together withdarlier considerations will aid solving
various construction problems from the scope otdptve geometry.
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PEKI STO ZKOWYCH WZAJEMNIE NAD SCISLE STYCZNYCH

2
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Praca jest kontynuacjartykutu [4]: Peki statkowychscisle stycznych -p-5-4 Oraz artykutu
[5]: Stakowe srodkéw mku [fi-p-3-4, W ktorych oméwiono przeksztalcenie kwadratowe E.
Baz przeksztalcenia jest aig rf, asrodkiem przeksztatcenjgunkt W lezacy na tym okggu.
Stwierdzono, 4 wszystkie proste , ktére przechadzprzez punkt W przeksztaleaj
sie w stazkowe wzajemniégcisle styczne przechodee przez trzy punkty 1=2=3 pokrywap

sie z punktem W Srodki poszczegéinych stkowych gku leza na stakowej, ktém nazwano
stazkowa $rodkéw i oznaczono s W pracy udowodniono twierdzenie o relacji rzutpwe
miedzy elementami ¢gku stazkowych nadcisle stycznych a szeregiem drugiegedu, ktérego
elementamissrodki stazkowych, ktére powstajw wyniku zastosowania transformac;ji E.



