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Abstract: In the present article, the author gives an egting and relatively simple construc-
tion of parabola determined by a vertex, an ax@é &s random point. The construction of next
points of parabola was deduced from the propedfesircle transformation by the pencil of
concentric circles.
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1 Introduction

In the present paper the author gives an origindlralatively simple construction of
parabola determined by its given elements: a vedaxaxis and its random point. The con-
struction of successive points of this parabola eeduced from the properties of circle trans-
formation by a pencil of concentric circles.

The first part of paper (point 2) contains the wligfon of transformation and the proof
of the theorem declaring that the image of cinclthis transformation is the pencil of parabo-
las about the common axis and vertex belongingtnthé considered (transformed) circle.
The proof of this theorem was put forth by the rodtiof analytic geometry.

The second part of the paper (point 3) presentaltfwithm of construction of succes-
sive points of parabola, determined by its givesmadnts: a vertex, an axis and a random
point.

2 Transformation of circle

Let’s assume an optional circle k with center M aadius #0 on the plane and center
O of the pencil of concentric circles, differenbrh point M. Moreover, let us assume that
point O is at the same time the beginning of thkagonal system of reference about the axis
x which includes point M (Fig. 1). In this coordteasystem O(X,y), the equations of circles
k(M, r) and O, R) are in shape of:
(x—af+y'=r (1)

X’ +y* = R% (2)
The common points Yand X%° of the circles (1) and (2) belong to lingparal-
lel to axis y, for which the axis of abscissae xhe axis of symmetry. To the pointsg,X
Xi%(x,y) respectively assigned pointg X;’5(x’,y’) which belong to lines;sand whose abscis-
sae x'= x (in the same coordinate system). Thedinates y’ of these points can be equal to

and
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the arbitrary values of radii;R0<y’>R)). In the definite transformation we assume y'=4¢,
n

or y'= +n-R; (n=1,2,3...). And because’R x'*+ y* so y'= i% X2Hy? or y'= £ ney X2 4y2

The following formulas of this transformation resinbm these determinations:

2

X =X and y'= /- x?+y’n® or y'=+,/- x'2+y—2 : (3)

n

Fig. 1

Let us take these formulas (3) and put them instéadand y into the equation (1) of
the circle k(M, r), after rearrangement we obt&lations:
y'’= 2xa/n’+ (- &)/’ (4)
and
y?=2x'arf+ (P &) n?, (4a)
which are the equations of the pencils of parabualiéls the common axis x and vertex W.
From equation (4) ((4a)), for y'= 0 we obtain anfula for its abscissa:

x'= (&% r’)/2a, (andfora=r, x'=0) (5)
For a =r, the equations (4) and (4a) take tHeviohg form:
y'’= 2x’r/n? (6)
and
y'’= 2x'r i (6a)

and are the equations of the pencils of parabolds the axis x and the common vertex W
which belong to circle k(M, r).

Moreover, if we assume that n=1, then the relati@) and (6a) take shape of the ver-
tical equation of parabola:

y'2= 2Xr. 7)

It proves the following statement: the image ofirale in a transformation determined
in this way is a pencil of parabolas with a comnaois and vertex, which belongs (doesn’t
belong) to a transformed circle.
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Thus defined transformation of degenerated contbeair of straight lines was used
in paper [1] for the construction of equilateraamgles whose vertices belong to three given
straight lines.

3 Construction of a parabola

The proposed method for the construction of poinita parabola determined by a ver-
tex, an axis and its random point comes out diyeftim the discussion of the statement
proved (in point 2), for the case in which the ggrof the pencil of parabolas belongs to the
transformed circle.

Assuming the vertex of parabola W on a plane ofgthesketch), the axis d and its ar-
bitrary point A, the algorithm of construction of its points isfabows (Fig. 2):

DATA: Wodl i A,

oF} R 5 A
- p
><H< Ap
R, Xip
Oi %2
aJ
S M, o
0=w S S
Re
£

Fig. 2
— W = O —the center pencil of concentricleis¢
- A, 0 sUd;
—snN d={S}

- (0, R=2SA) N's = {A, A}, (R2=SW);

— {W, Ak, Aks} U kz(Mz, I'z);

—6(0, R) N ka(M2, 1) = {Xi , Xi®}, (0 < Ri < 2ny);
— $(Xi, Xi) N d = {S}

— {Xip, Xip} Us , these thatiXijp= S Xip° = % are the points of parabola p(W,d)A

ISSN 1644-9363 / PLN 15.0Q1 2010 PTGIGl



16

S. Ochaski Construction of Parabola

Fig. 3

Construction of the points of parabola presentealaltloes not depend on the selec-
tion of auxiliary circles (O, Ri= nSA,). The result of the definition of this transforioat is
that a random segment §Aperpendicular to the axis d (coordinate of pal@b@an be as-
sumed as n-part of the radij B of their multiple (n=1,2,3...). Thus as long &s tircles
on(O, R= nSA,) intersect the straight line s in the real pofjlifferent or united) they gener-
ate the pencil of the tangent circles(k,, r,) with the vertex W=0 (Fig. 3). The image of
these circles in this transformation is the samejacally determined parabola p(W,ds)A
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KONSTRUKCJA PARABOLI

W artykule podano interesigh i stosunkowo prosgtkonstrukcg biezacych punktéw paraboli
wykorzystupc whasndci przeksztalcenia okgu za pomog peku wspoérodkowych okegow.

W pierwszej cegsci pracy zdefiniowano przeksztalcenie oraz wykazaeoobrazem okigu w
tak okrélonym przeksztalceniu jesteb parabol o wspolnym wierzchotku i osi. Ponadto
stwierdzono 1 w przypadku gdyrodek koncentrycznych odgéw naley do przeksztatcanego
okregu to wierzchotek tych parabol jednoczy sinim.

W drugiej czsci artykutu podano algorytm konstrukcji kolejnychinktéw paraboli zadanej
poprzez podanie wierzchotka, osi oraz jej dowolnggoktu.



