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Abstract. The paper discusses sets of midpoints of segmérose endpoints belong to two
given, different and coplanar or skew lines. Thdparints of these segments in the case of in-
tersecting lines are determined by pencils addiand concentric circles, whereas in the case
of two skew lines by pencils of planes and conéermspheres. The paper proves that these sets
are nonsingular or singular conic, for examplearegtlar hyperbola or a pair of perpendicular
straight lines. All the results of study were ob&al by synthetic methods.
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1 Introduction

The article [3] proves that a set of midpoints ohfzero and constant length segment
whose endpoints translate along, respectively, mao-parallel straight lines (intersecting or
skew lines) is an ellipse, and when these lineparpendicular — a circle.

The present paper considers sets of midpoints wéhla length segments and their
endpoints belonging to the given coplanar or skeesl

In the case of coplanar lines, the endpoints omsegs will be determined by a pencil
of lines and a pencil of concentric circles, whergathe event of skew lines with a bundle of
planes plus a pencil of concentric spheres.

2 Coplanar lines
2.1 Pencils of lines

Let the intersecting lines a and b at the pointeSjilven on a plane plus a pencil of
lines about the vertex #3 (Fig. 1). The lines;®f pencil{O} intersect with the lines a and b
at the points Aand Brespectively. If g2OS, then A£B,.

It will proved that a set of midpoints 8f segments #;, if the point O does not be-
long to the lines a(b)s a hyperbola which belongs to the points O amih8se asymptotes
are parallel to the lines a angrbspectively.

With the segments;B; correspond the lines dassing through their midpoints and the
point S=ab. The lines dwhich pass through the point S and are paralltiesegments B;,
are directions conjugated with the lingesdelation to the lines a andBig. 1).
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Fig. 1

Let us assume that the lines a and b are asympibtase of many hyperbolas which
cut out on the lines; of pencil {O} chords with common midpoints with tkegments ;.

As a result of this assumption the lingsadd ¢ are pairs of conjugate diameters of
this hyperbola. These diameters form an involutime pairs of two projective pencils of
lines with the common vertex S. The pencil ;$(dl is projective to the pencil S{dl;). Be-
cause the lines; ®f pencil{O}are parallel to the lines dthat the pencils of lines S{dand
O(0) are projective, thus a set of the pointg£8in0o; is a conic. In addition, we remarked
that asymptotes of this conic (one of many) ar¢iqdar diameters, that is, that the line a(b)
IS conjugate to one another (each of them is selfugate). Hence a conclusion that the line
da(dy) of the pencil {S} which coincides with the lirsb), is at once the ling/¢ly") conju-
gate to the line f4d,). The homologous lines@and @ of pencil{O}, are also parallel to,& a
and ¢'= b.The two projective pencils of lines{S}and{Owhich have two pairs of parallel
lines (q|dy= a and g||d,;’= b) generate a hyperbola whose asymptotes aedlgdato the lines
a and b, respectively.

If the point G:S belongs to one of the axes of rectangular synyneétihe lines a and
b, then the points S and O are vertices of hypartaid while in addition the lines a and b are
perpendicular, then this hyperbola is equilateraltiis same manner it can be proved that a
set of midpoints of segments which are cut outhelines of pencil by non-degenerated
conic is also a non-singular conic ).

The trivial cases occur:

- when the point &S lies on the given line a(b), then the linesfgencil{O}intersect
the line a(b) at the points;#8;) coinciding with the point O, and the line b(a)tire points
Bi(Ai). In this case the midpoints of segmentB;@;A;) about common points;A0(Bi=0)
belong to the same line sj|b(a);

- while the vertex of pencil{O} is a point at infig (O*#A"#B™) and different from
ideal points of the lines a and b, then the intgiisg lines a and b in the real point S, cut out
on the parallel lines of pencil {Q, parallel segments 8;, whose midpoints;$elong to the
line s belongs to the point S=h;

- if the lines a and b are parallel then the semafpoints $ of all segments #;,
whose endpoints belong, respectively, to two giparallel lines, is the central axis of rectan-
gular symmetry of these lines.
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2.2 Pencils of concentric circles

The author of the work [1] suggests, inter aliagasexercise to take on a plane: a
conic s together with its center S, one from iterds plus the point £5, and next directs a
reader to prove that a set of poin{seS intersection points of the linggpassing through the
given point O and perpendicular to the chor¢B; Antersect diameters of the conic s, belong-
ing to the midpoints Mof the chords M is a rectangular (equilateral) hyperbola (Fig. 2).

Fig. 2

After supplementing the above assumption with:lithe d’||AiB; and passing through
the point S plus the line’oncluding the point O and perpendicular to theelid, it can be
seen, that the pencils of lines {O} and {S} arentleal (as angles with perpendicular
sides),and thus projective, and besides becaugeatheconversely identical (equal), then the
common points of the equivalent elements (linekthase pencils form an equilateral hyper-
bola- which was to be shown.

Now, this hyperbola can be defined as a set ofsattion points of lines passing
through the given point £5, and perpendicular to its diameters, and witimdiars which
conjugate with them.

In a set of pairs with conjugate diameters of aiGdhere is only one pair of perpen-
dicular diameters called the axes of conic.

The line of pencil{O} perpendicular to one of theea intersects the other (second ) in
the point at infinity, thus, axes of conic s arediions of asymptotes of this hyperbola.

Let us now take on a plane two distinct lines afamehich belong to the same point S
plus a pencil of concentric circles with the cer®S. The circles joof this pencil intersect
the lines a and b, generally in the two real afigint points»°A; and*?B;.

We proved that the midpoinS (j=1,2,3,4) of segmenta,; 'B; (i=1,2,...,n; j=1,2 ) ob-
tained in this way belong to an equilateral hyp&l§big. 3). _

The midpoints of these segments correspond tarthe'ti= S'S, and with them con-
jugate directions — the linéd’ passing through the point Sbaand parallel to the segments
JA; 'Bi. The segment¥A; 'B; were selected for the graphical illustration. Tines o of pencil
{O}, perpendicular to those segments, and ipsoofaitt the diameter&’ of singular conic,
intersect diameters conjugate with th&inof pencil {S} precisely in the points (the point
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O is the center of circles, and the segméAtsB; its chords), and the lines perpendicular
to the diametery, intersect diameters conjugate with thinin the points'S. The bundles
of lines {O} and {S}, as in the case of nonsingutanic are projective and conversely iden-
tical with pencils, hence, generate an equilateyglerbola whose directions of asymptotes
are the axes of rectangular symmetry of the giuesla and b (the line of pencil {O} perpen-
dicular to one of them is parallel to the other).

Fig. 3

' In general, we can also say that the set of midpd®,(j=1,2,3,4) of the segmen';
'Bi(j=1,2), whose endpoints are intersection pointtheflines a and b, with circles of pencil
of concentric circles with center in the poing®is a rectangular hyperbola (Fig. 3). Its as-
ymptotes p and q are parallel, respectively, toatkes of rectangular symmetry of the lines a
and b(p|ls q|s). It is easy to see that the midpoin& (j=1,2,3,4) of the segment&; 'B; (j
=1,2) are vertices of parallelograms inscribechis hyperbola, thus the lines joining the mid-
points of its opposite sides form an involutionahpil of pairs conjugate diameters about the
vertex M- the center of hyperbola (in this same manneait lse shown that a set of mid-
points of segments whose endpoints are intersepbonts of non-degenerated conic with cir-
cles of pencil of concentric circles is a rectaagtiyperbola).

If the point O = S, then this hyperbola is redutthe two perpendicular linégs and
345, coinciding, respectively, with the axes of ragwar symmetry of the lines a and b
(Fig. 4).
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Fig. 4

And while the point @S lies on one of those axes, then this hyperbolgerrates
also to two perpendicular lines, of which only ancides with the symmetry of one axis,
whereas the other is parallel to the other akfs/(C“s = 5(s,), and>*s¢%s)||s(s)). The lines
125 and®“s are parallel, respectively, to the axesrsd s pass through the contact points of
circles with the centers ;Q, and at the same time tangent to the lines dd#Rd). 4).

3 Two skew lines
3.1 Pencils of planes

Next let us consider sets of midpoints of segmearitese endpoints are intersection
points of the lines a and b with planes of thedbe {I}.

Let us assume that one of distance planes of th&idered skew lines, for example the
planea including the line a is a plane of drawing andhet same time the first (horizontal)
projection plane of the mongean system of refer@hice 5).
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In addition, let us assume that the axis | efglncil of planes is perpendicular to the
given skew lines a and b as well as oblique intiiao them. The planes of the bundle{l}
intersect the lines a and tespectively, at the points; And B. The lines ¢=AB; intersect the
line | in the points @ The midpoints of all the segments, whose endpdieiong, respec-
tively, to the distance planes always lie on theidigtant planes. Projecting the lines a, b, |
plus q together with points QA;, Bi and $onto the plane in direction which is parallel to
the axis |, we obtain on this projection plane afiguration shown in Fig. 1 and described in
section 2.1. The orthogonal projection of the limad its points is the point Osl The pro-
jections d and B of the lines a and b intersect in the point $=®d the projectionsoof the
lines @ are elements of the bundle of lines{O}. It mustimed, that, the segmentBAand
their projections have the common midpointsS5. As shown in the section 2.1, the pencils
of lines {S} and {O} belonging to the same plaaeare projective, hence their product is a
conic being hyperbola, because these pencilnes lhave two pairs of parallel lines.

It is clear that the lines®=A;B; intersect the three lines (a,b and 1), obliqupairs, and
hence generate lines of a skew quadric, whosesetgon with plane, is a hyperbola, be-
cause this plane is parallel to the lines a an(Hy. 5).

Now let us assume that the line | — axis of a leuod planes {I} has a general posi-
tion in relation to the skew lines a and b (Fig.The planes; (mi||n) of bundle {I} intersect
the lines a and Im the points Aand B, respectively. If the series ajAand b(B) are perspec-
tive to the same pencil of planes;) then these ranks of points are projective (theire
elements in this perspective chain are projectévstated above).

Fig.6

A skew quadric can be obtained as a sum of allitles joining the equivalent points
of the two projective series of points with skewsé® If in these series of points, the ideal
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points are a pair of homologous points, then Kesvsquadric is of parabolic type, and if they
do not correspond - then it is of hyperbolic type

In the case considered above, the plana pencil {I} parallel to the line a(b) inter-
sects the line a(b) in the point at infinity, ahe fine b(a) in the real point. The conclusion is
that a skew quadric which is the sum of the line&\@; is a hyperboloid of one sheet (points
o of those projective series do not correspond wite another). The planesat the same
time parallel to their two lines a and b (geneigtines of skew quadric) intersect this hyper-
boloid along the hyperbola which is a set of midS of segments /8;.

This spatial problem, as in the case discussedealman be changed to a planar, by
projecting the lines a, b,| and dogether with their points on the plang in the direction
which is parallel to the line I. The oblique prdjeas & and B of the lines a and b belong to
the same point ‘Sthe point O ='b is an oblique projection of the line | and its mtsi The
lines q" are projections o the lines, @nd the segments;B and their oblique projections
have the common midpoints (*SS). The pencils of lines {$and {O}, as that shown in the
section 2.1 are projective and have two pairs ofidlogous parallel lines, thus generate a hy-
perbola.

If the axis | of pencil of planes intersects theela(b), or is parallel to ling(s,) or is a
line at infinity, then the midpoints; 8f segments M; determined by these pencils of planes,
lie on the lines (analogy to the trivial casesalided in section 2.1).

3.2 Pencils of concentric spheres

It has been shown that the spatial problem, whetarohining a set of midpoints of
segments, whose endpoints are intersection poirtgooskew lines with spheres of pencil of
concentric spheres, may be expressed as coplaeardnd a pencil of concentric circles.

Let us assume that the given two skew lines ababelong, respectively, to the dis-
tance planea andp, and the point O, the center of concentric sphéoes not coincide with
the midpoint S of distance segment (the shortegneat of skew lines), as well as does not
lie on either axes of rectangular symmetry of tivergtwo skew lines.

The planess passing through the midpoint of distance segmétines a and b and
perpendicular to it is the plane of rectangular syatry of distance planes, include the axes of
rectangular symmetry of those lines, and also thdpaints of all the segments, whose end-
points belong to the planesandp, respectively.

_ The sphere®; of pencil OQ;,R) intersect the lines a and b, respectively, eghints

JA; and'Bi(j=1,2). These points belong to the circfesand®o;, being intersections of the dis-
tance plane andp with sphere£2; The orthogonal projections of lines a and b onplla@ec
belong to the same point S, the projections oferefi®;, and”O; of circles®; and®o; unite
with the projection of center O of sphe®s and the orthogonal projections of those circles
form the pencil of concentric circles. The segméA{s'B; and their projections have the
common midpoint’Si ='S". When the point O, the center of concentric sp@rdies on the
planes, then the circled; and®o; are identical figures and their orthogonal propets coin-
cide. As a result o this projection obtained onglmes ,the two intersecting lines' and b

at the point S as well as the pencil of concertiicles with the centre O — hence, the case
described in section 2.2 and shown in Fig. 3,4.
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Fig. 7

Treating this problem as spatial, it is necessamaint out, that the spher€s of pen-
cil{O}cut out on the skew lines a and b of invohrtil ranks of points &fA;) and bt?B;). It
is a particular case of an involution called simifja( in other words, a symmetry in relation
to the center).These ranks o points about of oblifyndamental lines are projective. The
lines'oi(j=1,2,3,4) joining homologous points of those patjve ranks, are generating lines of
a skew quadric which is intersected by the plaparallel to its two lines (a and b) along the
rectangular hyperbola (Fig. 7).

The domain of this paper can be extended and thtesiies can be continued. The
endpoints of segments can be determined on a lanexample, with a of pencil of coaxial
tangential circles or belonging to two differemdaconstant points, and spatially by a pencil
of coaxial tangential spheres or belonging to Hraescircle.

Making use of one of the pencils of circles, widalrpower axis to determine end-
points of segments, one can prove that their midpdelong, inter alia, to a parabola.

Finally, the results of those studies demonstiaé¢ ¢urves of the second order can
also be considered as midpoints of segments, wiiedpgoints belong to two lines both co-
planar and skew lines, respectively.
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SRODKI ODCINKOW O KO NCACH NALE ZACYCH DO DWOCH
PROSTYCH

Artykut przedstawia wyniki bada zbiorow $rodkdw odcinkéw, o kacach nalgacych do
dwoch prostych komplanarnych, jak i $kgch.

Punkty ograniczape te odcinki, na ptaszcayie, wyznaczaneasza pomog: a) pku prostych,
b) pcku koncentrycznych okgow, za w przestrzeni c) gku ptaszczyzn i d) gku wspogrod-
kowych sfer.

Wykazano,ze w przypadkach a) i cfrodki tak wyznaczonych odcinkéw naledo prostej
badz hiperboli, ktora mge by hiperboh prostokitna, a w b) i d) § zawsze punktami hiperboli
réwnobocznej lub pary prostopadiych prostych jategenerowanej stkowej.

Ponadto zwrécono uwagiz zakres tej pracy me by znacznie rozszerzony, a badania konty-
nuowane. Punkty ogranicaage rozwaane odcinki mog by¢ bowiem wyznaczane réwriena
ptaszczynie za pomog  peku wspoétosiowych i stycznych odgow adz przechodzcych
przez dwa state punkty, a w przestrzenickypwspotosiowych, stycznych sfer lub zawieraj
cych ten sam okg.

Mozna wykazé, ze w przypadku jednego zkdw okregéw o widciwej osi potgowej, srodki
tak wyznaczonych odcinkéw nalemiedzy innymi do paraboli.

Reasumujc stwierdzono,z stazkowe mog by¢ réwniez rozpatrywane, jakérodki odcinkéw
o koncach naleacych odpowiednio do dwdch prostych zaréwno komplayeh, jak i skénych
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