The Journal of Polish Society for Geometry and Engineering Graphics
Volume 18 (2008), 5 -8 5

CONSTRUCTION OF STRAIGHT LINE INTERSECTING FOUR
GIVEN STRAIGHT LINES

Andrzej BIELINSKI", Cecylia LAPINSKA”

"Warsaw University of Technology
20 Nowowiejska st., 00-653 Warsaw, Poland
e-mail: andrzej.bielinski@jis.pw.edu.pl
¥ Warsaw University of Technology
20 Nowowiejska st., 00-653 Warsaw, Poland
e-mail: cecylia.lapinska@jis.pw.edu.pl

Abstract: The problem of constructing a straight line intersecting four given lines skew to each other is
presented in Monge’s projections. The solution consists in choosing an adequate system of projection
planes and applying the Steiner’s construction of common lines of two projective pencils of lines.
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1. Introduction

Consider four arbitrary straight lines a, b, ¢, d skew to each other.

The problem of constructing the straight line intersecting each of these lines will be
solved by the Monge’s projections method.

First suppose that none of these lines is ideal. In this case, without diminishing the
generality of assumptions, we can take the horizontal projection plane m; parallel to two lines,
for example a and d, and the vertical projection plane m, perpendicular to one of these lines.

So we can admit that the Monge’s projections of lines a, b, ¢, d are given, when a is
vertically projecting, d is horizontal, ¢ and b are in general position.

The symbols A~ and A will be used to denote the projectivity and the perspectivity,
respectively.

2. Analysis and Construction
On each line b and ¢ we choose three arbitrary points X, Y, Z, and X., Y., Z.
respectively such that the lines determined by the pairs X,"X.", Y,"'Y.", Z,"Z." of their
vertical projections pass through the point P = a” (Fig.1). Now we determine the horizontal
projections of the chosen points as well as the projections X", Y;,"", Z,""and X.", Y.", Z.""
on a auxiliary projection plane perpendicular to the line d. The lines x5, y», z» pass through
the point Q = d"" and the points X,,"", Y;""", Z,'" respectively and the lines x., y., z. pass
trough the point Q and the points X.'”, Y."', Z."" respectively.
Let us now take into consideration some projective relations on the picture plane.
We have two ranges of points (X", ¥, Z,""", ...) and (X."" Y., Z.'", ...) with the
bases b'" and ¢ respectively. It is easy to see that
X", "2y, )N (X" Y 2", ..) and (XY 2", ) AN (X Y 2 L)
Because the ranges (X", Y»,", 2", ...) and (X.", Y.", Z.", ...) are defined in the way as they
are in the perspectivity relation we obtain as well
X", Y, Zp'", ) N (X Y 2T L) (1)
For the pencils of lines (xp, y», zp, ... ) and (x., Y, zc, ...) with the common vertex O we
have the following relations:

b, Vo, 2 ) A (X" V" 2", ) and (Xe, Ve, Ze o) A (XY Z0 L) (2)
Hence it follows from the properties (1) and (2) that
(xb:ybyzby---) X (xC)y61207"') (3)
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Now we can apply the Steiner’s construction to find the common lines of the projective
pencils (x, s, zp, ... ) and (x¢, Ve, Zc s --.).

To simplify the construction we take an arbitrary circle S° which passes trough the point O.
Points of intersection of this circle with the lines determining the considered pencils are
denoted by B,, B,, B. and C,, C,, C. respectively ( Fig.1).

XC"

Fig. 1.
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According to the Steiner’s construction (see for example [2] p.156) we consider additionally
two other pencils of lines: the pencil (x;, y;, z;, ...) with the vertex B, when the lines x;, y;
, z; are determined by the points C,, C,, C. respectively and the pencil (x2, y>, z2, ...) with
the vertex C, and the lines x,, >, z, determined by the points B, , B, , B. respectively .
From the properties of conics as projective loci (see [3], ch.IV §5) we obtain the following
relations:

(xb,yb, Zp, ) N (xg,yg, Z2, ) and (xc,yc, Ze ) A (XJ,y1, Z],...) (4)
An immediate implication from the relations (3) and (4) is that

(XJ » V1,21, ) A (xg, yY2, 22, )
The above projective pencils are also perspective because they have the common line x; = x..
The line w defined by the points Y =y; Ay, and Z =z; Az, intersects the circle S at

the points 7 and U. Then the lines 7 (Q,T) and i (Q,U) are the common lines of the projective
pencils (x5, Vs, zp, ... ) and (x., V¢, z¢, ...) with the common vertex Q.

On the lines 7 and # are lying the pairs of the corresponding points 7,"'T."" and
T,'"'T."" of the projective ranges (X", Y»'", Z"", ...) and (X", Y."", Z."", ...).

Now we can determine the points 73", T." and T3, T."as well as U,", U." and U,', U,".
It is not difficult to observe that the lines ¢ and u, defined by the projections ¢'(T}', T.'),

t"(Tp", T.") and u'(Up', U.), u"(Uy", U.") respectively, intersect each line a, b, ¢, d. In Fig.1
only the projections of the line ¢ are drawn.

We have two solutions if the line w cuts the circle S° at two points. If the line w is
tangent to the circle S° we have only one straight line intersecting four given lines. If the line
w has no common points with the circle S° there is no straight line intersecting simultaneously
all given lines.

3. Conclusions

1) If two from the lines a, b, ¢, d are perpendicular, for example a1 d, then the
problem put forward can be solved without using the auxiliary projection plane by taking the
horizontal projection plane perpendicular to d. In similar way as presented above the Steiner’s
construction can be made in the horizontal projection with O = d'. The lines of the projective
pencils (xs, v», z5, ... ) and (x., V¢, z., ...) are defined by points (X', V', Zy', ...) and
XY, Z.", ...) respectively.

2) Observe that among the four given lines a, b, ¢, d skew to each other no more than
one can be ideal. Suppose that the line a is ideal. In this case also the system of two projection
planes is sufficient. Namely the horizontal projection plane can be taken perpendicular to d
and the vertical projection plane perpendicular to a plane o incident to the ideal line a .
Cutting the lines " and c¢" by the straight lines parallel to the horizontal projection o’ of the
plane o we obtain two perspective ranges of points: (X", ¥»", Z,", ...) and (X."Y.", Z.",
...) with the bases 5" and c¢" respectively. The construction can be continued as in the
previous cases.

3) The presented construction can be applied to piercing a ruled surface by a straight
line. Suppose that the straight lines a, b, ¢ are directrices of a ruled surface. To find the points
in which line d pierces this surface it is enough to determine the elements of this surface
which intersect the given line d, i.e. the straight lines intersecting the four lines a, b, ¢, d. The
common points of these elements and the line d are the required points of intersection.
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PROSTA PRZECINAJACA CZTERY DANE PROSTE

W pracy rozwaza si¢ cztery dowolne proste parami skosne. Zagadnienie wyznaczenia
prostej przecinajacej cztery dane proste sprowadza si¢ przez odpowiedni dobdr rzutni do
konstrukeji Steinera prostych zjednoczonych dwoch rzutowych pgkow prostych. Podaje sig
réwniez mozliwos¢ zastosowania tej konstrukeji do wyznaczania punktéw przebicia prosta
powierzchni prostokreslnych.



